Abstract. We introduce and discuss a class of operators, to be referred to as the class of completely hyperexpansive operators, which is in some sense antithetical to the class of contractive subnormals. The new class is intimately related to the theory of negative definite functions on abelian semigroups. The known interplay between positive and negative definite functions from the theory of harmonic analysis on semigroups can be exploited to reveal some interesting connections between subnormals and completely hyperexpansive operators.
If H is a complex infinite-dimensional separable Hilbert space, then B(H) will denote the set of bounded linear operators on H. Recall that S in B(H) is said to be subnormal if there exist a Hilbert space K containing H and a normal operator N in B(K) such that N H ⊂ H and N/H = S. For all of the elementary results pertaining to subnormals (and related classes of operators such as hyponormals) that are stated below without proof, the reader is referred to [Co] . If {e n } n≥0 is an orthonormal basis for H, then a weighted shift operator T on H with the weight sequence {α n } n≥0 is defined through the relations T e n = α n e n+1 (n ≥ 0). We will always assume that α n > 0 for all n. An excellent reference for the basic properties of weighted shifts is [S] . We will often use the notation T : {α n } to indicate a weighted shift. Of particular interest to us are the shifts U : {1} (the unilateral shift), B : { √ n + 1/ √ n + 2} (the Bergman shift) and D : { √ n + 2/ √ n + 1} (the Dirichlet shift). The shifts U and B are subnormal with U in fact being an isometry; while D is a 2-isometry (I − 2D * D + D * 2 D 2 = 0, I and 0 being the identity and zero operator respectively).
It is the purpose of this note to introduce and discuss a class of operators that is in some sense antithetical to the class of contractive subnormals. The connections between the theory of positive definite functions on abelian semigroups and the theory of subnormals are well-known and will be touched upon briefly in the sequel. The new class of operators, to be referred to as the class of completely hyperexpansive operators, is intimately related to the theory of negative definite functions on abelian semigroups. The shift U and the shift D are rather special examples of the new class. The known connections between positive and negative definite functions will allow us to correlate U and D as well as B and D in meaningful ways. Using the idea of the Laplace Transform, we will be able to associate with every hyperex-pansive weighted shift a one-parameter family of contractive subnormal weighted shifts. The Lévy-Khinchin representation theory from harmonic analysis on semigroups will play for the new class a role analogous to that of the Hausdorff Moment Problem for subnormals. The arguments to follow rely heavily on the theory of positive and negative definite functions as expounded in [B-C-R2] .
Recall that a real-valued function ϕ on the semigroup N of non-negative integers is said to be positive definite if
We let the difference operator ∇ act on ϕ through the formula (∇ϕ)(s) = ϕ(s)− ϕ(s + 1). The relations ∇ 0 ϕ = ϕ and ∇ n ϕ = ∇∇ n−1 ϕ inductively define ∇ n for all n ≥ 0. One can similarly define the powers of the corresponding difference operator ∆ given by (∆ϕ)(s) = ϕ(s + 1) − ϕ(s). A non-negative map ϕ on N is said to be completely monotone if (∇ n ϕ)(s) ≥ 0 for all s, n ≥ 0. A real map ψ on N is said to be completely alternating if (∇ n ϕ)(s) ≤ 0 for all s ≥ 0, n ≥ 1. A Radon measure µ on a subset X of R will be understood to be a Borel measure µ satisfying (i) 
Proposition 2. For ψ : N → R, the following are equivalent.
(i) ψ is completely alternating. The operator-theoretic significance of Proposition 1 was reflected in Jim Agler's criterion for subnormality [A] : T in B(H) is a subnormal contraction if and only if
The equivalence of (C) with the complete monotonicity of n → T n h 2 , for any h in H, was emphasized in [At1] . At this stage we point out that the set of completely monotone maps is known to be an extreme subset of the set of bounded positive definite maps on N ([B-C-R2], Ch. 4, Thm. 6.5). We now begin to explore the operator-theoretic significance of Proposition 2.
Definition. An operator T in B(H) is completely hyperexpansive if
Remark 2. The first among the countable conditions in (D) is I − T * T ≤ 0, guaranteeing that T ≥ 1 so that T is an 'expansion'. In analogy with [A] , we may refer to any T satisfying the first n conditions in (D) as an n-hyperexpansion. The unilateral shift U , being an isometry, is clearly completely hyperexpansive. It was noted in [R] that any operator T satisfying I − 2T * T − T * 2 T 2 ≤ 0 is actually a 2-hyperexpansion, that is, T satisfies I − T * T ≤ 0 as well. In particular, the Dirichlet shift D, being a 2-isometry, is completely hyperexpansive. If the left side of the inequality in (D) is denoted by B n (T ), then one has, for any m in N and h in H,
In view of Proposition 2 and Remark 1, ψ is completely alternating and
where µ h is a positive regular Borel measure on [0, 1] . Clearly, T is hyperexpansive if and only if (E) holds for any h in H and n ≥ 1. We may refer to (E) as the Lévy-Khinchin representation for the pair (T, h) and to dν h (x) = dµ h (x)/(1 − x) as the Lévy measure for (T, h). (Consult [B-C-R2] for the justification of this terminology.) An immediate consequence of (E) is that T n h 2 ≥ h 2 for all h in H and n ≥ 0. At this stage we point out that the set of completely alternating maps is known to be an extreme subset of the set of all negative definite functions on N that are bounded below (see [B-C-R2], Ch. 4, Thm. 6.7), and the property ψ(n) ≥ ψ(0) actually holds for any negative definite function ψ on N bounded below (see [B-C-R2], Ch. 4. 3.2). Using (E), one can verify that any positive integral power of a completely hyperexpansive operator is completely hyperexpansive. Indeed, if T is completely hyperexpansive and k ≥ 1, then
for appropriate µ h and µ h , so that n → (T k ) n h 2 is completely alternating. We associate with every weighted shift T : {α n } a sequence {β n (T )} defined by β 0 (T ) = 1, β 1 (T ) = α 2 0 , and
Occasionally, we may simply write β n for β n (T ). Recall that T is a contractive subnormal weighted shift if and only if there exists a Borel probability measure µ on [0, 1] 
If T is a completely hyperexpansive weighted shift, then one clearly has
where µ is a positive regular Borel measure on [0, 1].
Proposition 3.
If T : {α n } is a weighted shift such that n → β n is completely alternating on N (so that (F) holds), then T is completely hyperexpansive.
Proof. Suppose n → β n is completely alternating. Since T is a weighted shift, it suffices to check that
Since e m = a m T m e 0 for some positive a m , we need only verify
that is,
But this follows from the equivalence of (i) and (ii) in Proposition 2.
Remark 3. The part a+nb (= 1 +nµ({1})) in the representation of β n can actually be looked upon as β n (T ), where T : {(1 + (n + 1)µ({1})) 1/2 /(1 + nµ({1})) 1/2 } is clearly a 2-isometry. Thus the integral part [0,1) (1 − x n ) dµ(x)/(1 − x) in the representation for β n can be regarded as a "non-2-isometric" perturbation of the "2-isometric" part 1 + nµ({1}). Proposition 3 offers us an easy way of generating completely hyperexpansive weighted shifts by making various choices for
dν(x) (= dµ(x)/(1 − x)). From our earlier observations, T is completely hyperexpansive if and only if n → (
is completely monotone for any h in H. In the context of weighted shifts, we are thus led to consider 
It is interesting to note that the integral
is infinite for k = 2, and finite for any k ≥ 3. In view of Theorem 3.20 in Chapter 4 of [B-C-R2], this implies that the sequence {β n (N (k) )} is unbounded for k = 2, and bounded for k ≥ 3. (Note that (β n (N (2) ) − 1) is simply the nth partial sum of the harmonic series.)
It is well-known that the weight sequence corresponding to a subnormal (and indeed a hyponormal) weighted shift is non-decreasing. The following proposition shows in particular that the opposite is true for a completely hyperexpansive weighted shift. Proposition 4. Let T : {α n } be a completely hyperexpansive weighted shift. Then α n ≥ 1 for all n ≥ 0 so that β n ≥ 1 for all n ≥ 0. The sequence {α n } is nonincreasing (so that T = α 0 ), and moreover satisfies
Proof. Let T : {α n } be completely hyperexpansive. Then α n = T e n ≥ e n = 1 for all n ≥ 0, so that β n ≥ 1 for all n ≥ 0. To check that {α n } is non-increasing, we verify that β n+2 (T )/β n+1 (T ) ≤ β n+1 (T )/β n (T ) for all n ≥ 0. In view of (F), this amounts to verifying β 1 (T ) 2 ≥ β 0 (T )β 2 (T ), and for n ≥ 1,
The verification is straightforward and is left to the reader. Finally, note that n → ϕ(n) = ∆β n (T ) = β n+1 (T ) − β n (T ) is completely monotone on N. Let µ be as in Proposition 1. If µ([0, 1]) = 0, ϕ(n) = 0 for all n, and T is simply the unilateral shift clearly satisfying the desired inequality for α n . Otherwise, the sequence {ϕ(n)/µ([0, 1])} can be looked upon as the sequence {β n (S)} corresponding to a subnormal weighted shift S, and as such
The reader can easily check that this reduces to the desired inequality for α n .
Corollary 1.
If T : {α n } is a completely hyperexpansive weighted shift such that α
2 for some n ≥ 1, then the equality actually holds for all n ≥ 1.
Proof. If T is the unilateral shift, there is nothing to prove. Otherwise, consider the subnormal shift S : {α n } associated with T as in the proof of Proposition 4. If the said equality holds for some n ≥ 1, then clearly α n = α n+1 for that value of n. But then α n = α n+1 for all n ≥ 1 in view of a result of Stampfli [St] , and the desired conclusion follows.
Note that the weight sequence {α n } corresponding to the Dirichlet shift satisfies the equality in Corollary 1 for all n ≥ 0. The following proposition records some spectral properties of completely hyperexpansive weighted shifts.
Proposition 5. Let T : {α n } be a completely hyperexpansive weighted shift. Then, for any T ∈ C with |λ| < 1, λ ∈ σ p (T * ), the point spectrum of T * ; and dim(ker(T * − λI)) = 1. The spectrum σ(T ) of T is the closed unit disk D in C centered at 0, and the essential spectrum σ e (T ) of T is the unit circle T in C centered at 0. Moreover, if |λ| < 1, then T − λI is a Fredholm operator with the Fredholm index −1.
Proof. Let T : {α n } be completely hyperexpansive. If |λ| < 1, then, for n ≥ 1, we let x n = (λ n / √ β n )x 0 , where x 0 is some non-zero complex number. Now
in view of Proposition 4, so that x = n≥0 x n e n is an element of H. It is easy to check that T * x = λx. Thus λ ∈ σ p (T * ), and this also shows that D is contained in σ(T ). Further, T * x = λx must force the choice of x n as above, so that ker(T * − λI) is one-dimensional. If λ is in the approximate point spectrum of T , then |λ| ≥ inf{ T x : x = 1}. But T x ≥ x for all x, so that |λ| ≥ 1. Thus Ran(T − λI) is closed for any λ such that |λ| < 1. Since Ker(T − λI) is clearly {0}, the operator T −λI is Fredholm for |λ| < 1 and its Fredholm index is −1. That σ(T ) ⊂ D follows from the corresponding assertion proved for a 2-hyperexpansion in [R] . We will, however, present a direct proof of this to highlight the negative definiteness of n → T n h 2 for any h in H. (Refer to the comment at the end of Remark 2.) Observe that n → T n h 2 is a negative definite function on N which is bounded below. By Proposition 3.3 in Chapter 4 of [B-C-R2], one has T n+m h ≤ T n h + T m h for all n, m ≥ 0. Letting n = m, one has T 2n h ≤ 2 T n h . Resorting to an elementary argument and using the spectral radius formula, one deduces that the spectral radius of any completely hyperexpansive operator is less than or equal to 1. Thus σ(T ) ⊂ D, and from our earlier observations σ(T ) in fact equals D. It is now also clear that σ e (T ) = T.
An extremely interesting result in the theory of harmonic analysis on semigroups is that ψ : N → R is completely alternating if and only if ϕ t : N → R defined by 3752 AMEER ATHAVALE Corollary 2. If T : {α n } is completely hyperexpansive and α n = α n+1 for any n ≥ 1, then α n = 1 for all n ≥ 1.
Proof. Consider L(T ) and appeal to the result of Stampfli [St] mentioned earlier to deduce (1/α n ) = (1/α n+1 ), and hence α n = α n+1 , for all n ≥ 1. That α 1 = 1 follows by considering β 1 − 2β 2 + β 3 ≤ 0 (that is, α 2 0 (1 − α 2 1 ) 2 ≤ 0).
As in the case of subnormals, one can raise a whole paraphernalia of questions for completely hyperexpansive operators. The multidimensional version of Proposition 2 as stated in [B-C-R2] also suggests the possibility of generalizing the previous considerations to n-tuples of operators. The author believes that the study of completely hyperexpansive operators can fruitfully supplement and be supplemented by the study of subnormals, and that the rich interplay between the theories of positive and negative definite functions can be exploited further to unfathom more interesting connections between subnormals and completely hyperexpansive operators.
Note added in proof
Thanks are due to G. Exner for catching a careless assertion by the author in the original draft.
